Thermal buckling response of functionally graded plates is presented in this paper using sinusoidal shear deformation plate theory (SPT). The material properties of the plate are assumed to vary according to a power law form in the thickness direction. Equilibrium and stability equations are derived based on the SPT. The non-linear governing equations are solved for plates subjected to simply supported boundary conditions. The buckling analysis of a functionally graded plate under various types of thermal loads is carried out. The influences of many plate parameters on buckling temperature difference will be investigated. Numerical results are presented for the SPT, demonstrating its importance and accuracy in comparison to other theories.
INTRODUCTION
The rapid development of composite materials and structures in recent years has drawn increased attention from many engineers and researchers. These materials are broadly used in aerospace, mechanical, nuclear, marine, and structural engineering. In conventional laminated composite structures, homogeneous elastic laminas are bonded together to obtain enhanced mechanical and thermal properties. However, the abrupt change in material properties across the interface between different materials can result in large inter-laminar stresses leading to delimitation, cracking, and other damage mechanisms which result from the abrupt change of the mechanical properties at the interface between the layers. To remedy such defects, functionally graded materials (FGMs), within which material properties vary continuously, have been proposed.
The concept of FGM was proposed in 1984 by a group of materials scientists, in Sendai, Japan, for thermal barriers or heat shielding properties. Initially FGM was designed as a thermal barrier material for aerospace application and fusion reactors. Later on FGM was developed for the military, automotive, biomedical and semiconductor industries, and as a general structural element in high thermal environments. FGM is one of the advanced high temperature materials capable of withstanding extreme temperature environments. FGMs are composite and microscopically heterogeneous in which the mechanical properties vary smoothly and continuously from one surface to the other. This is achieved by gradually varying the volume fraction of the constituent materials. Typically, these materials are made from a mixture of ceramics and metal or a combination of different materials. The ceramic constituent of the material provides the high-temperature resistance due to its low thermal conductivity and protects the metal from oxidation. The ductile metal constituent, on the other hand, prevents fracture caused by stresses due to high-temperature gradient in a very short period of time. Further, a mixture of a ceramic and a metal with a continuously varying volume fraction can be easily manufactured [1] [2] [3] [4] .
A comprehensive work on the FGMs was presented in the literature. The response of FG ceramic-metal plates has been investigated by Praveen and Reddy [5] using a plate finite element. They investigated the static and dynamic thermoelastic responses of the FGMs by varying the volume fraction using a simple power law distribution. Reddy [6] developed the Navier's solutions for FG plates using the third-order shear deformation plate theory (TSDT) and an associated finite element model. Amini et al. [7] described a method for three-dimensional free vibration analysis of rectangular FGM plates resting on an elastic foundation using Chebyshev polynomials and Ritz's method. This analysis has been based on a linear, small-strain, three-dimensional elasticity theory. Analysis of FG plates under static and dynamic loads has been presented by Sladek et al. [8] using the meshless local Petrov-Galerkin method and ReissnerMindlin theory to describe the plate bending problem. Kim et al. [9] investigated finite element computation of fracture parameters in FGM assemblages of arbitrary geometry with stationary cracks. In Altenbach and Eremeyev [10] , a viscoelastic FG polymer foam has been studied using a new plate theory based on the direct approach. The large deflection response of simply supported rectangular FG plates under normal pressure loading has been analyzed by Ovesy and Ghannadpour [11] using a finite strip method. In Han [12] , a numerical method was proposed for analyzing transient waves in plates of FGM excited by impact loads. The bending problem of transverse load acting on FGM rectangular plate using both two-dimensional trigonometric and three-dimensional elasticity solutions was investigated by Zenkour [13] . Zenkour [14, 15] studied the bending response, buckling and free vibration of simply supported FG sandwich plate using the SPT. Zenkour [16] presented the derivation of equations for free vibration of FG plates expressing the displacement components by trigonometric series representation through the plate thickness. Other researches into FGMs have included the nonlinear analysis of FG plates [17] , large deformation analysis of FG shells [18] , static and vibration analysis of FG beams [19, 20] .
In view of the advantages of FGMs, a number of investigations dealing with thermal buckling had been published in the scientific literature. In recent years, the mechanical and thermal buckling analysis of FG ceramic-metal plates has been presented by Zhao et al. [21] using the first-order shear deformation plate theory, in conjunction with the Ritz method. A two-dimensional global higher-order deformation theory has been employed by Matsunaga [22] for thermal buckling of plates made of FGMs. Morimoto et al. [23] presented the thermal buckling analysis of FG rectangular plates subjected to partial heating in a plane and uniform temperature rise through its thickness. In Ref. [24] , Shariat and Eslami presented the thermal buckling analysis of rectangular FG plates with geometrical imperfections using the classical plate theory to derive the equilibrium, stability, and compatibility equations of an imperfect FGM. Thermal buckling of rectangular and circular plates compose of FGM was also studied based on the first-and higher-order shear deformation plate theory [25] [26] [27] .
Various plate theories, depending upon the throughthickness displacement pattern considered, have been used to determine thermal buckling loads of composite plates. The classical plate theory [24] , which is based on Kirchhoff's hypothesis, overestimates the thermal buckling load when applied to even moderately thick plates. This is particularly true for composite plates in which transverse shear moduli are small in comparison to the in-plane Young's moduli [28] . In such cases, it becomes necessary to take into account shear deformation effects. Thus, various improved plate theories such as first-order shear deformation [25, 26] , higher order shear deformation [5, 6] and sinusoidal shear deformation [13] [14] [15] [16] [29] [30] [31] plate theories have been developed to predict the behavior of plates with thickness shear deformation. In this article, thermal buckling analysis of rectangular FG ceramic-metal plates is investigated. The material properties of the FG plates are assumed to vary continuously through the thickness, according to a simple power law distribution of the volume fraction of the constituents. The SPT is used to obtain the buckling of the plate under different types of thermal loads. The thermal loads are assumed to be uniform, linear and non-linear distribution through the thickness. Additional numerical results are presented for FGM plates that show the effects of various parameters on thermal buckling response.
MATHEMATICAL MODEL
Consider a rectangular plate of length a, width b and thickness h made of FGM. The plate is subjected to a thermal load ( , , )
T x y z . The material properties of the FGM plate, such as Young's modulus E and thermal expansion coefficients  are assumed to be functions of the volume fraction of the constituent materials. The FGM plate is supported at four edges defined in the ( , , ) x y z coordinate system with x-and y-axes located in the middle plane ( 0) z  and its origin placed at the corner of the plate.
The modulus of elasticity E, the coefficient of thermal expansion  and Poisson's ratio  are assumed as [5] mexpansion of ceramic, and k is the volume fraction exponent. The value of k equal to zero represents a fully ceramic plate. The above power law assumption reflects a simple rule of mixtures used to obtain the effective properties of the ceramic-metal plate. 
where
The stress-strain relations for the FGM plate are given by 11 
where ( , , ) T x y z is the temperature rise through the thickness.
The stress and moment resultants of the FGM plate can be obtained by integrating Eq.9 over the thickness, and are written as 
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In Eqs.10-12, 1 2 , , N N and 12 N and 1 2 , , M M and
12
M are the basic components of stress resultants and stress couples; 1 2 , , S S and 12 S are additional stress couples associated with the transversal shear effects; and 13 Q and 23 Q are transversal shear stress resultants. The coefficients , , ,...
EQUILIBRIUM AND STABILITY EQUATIONS
The total potential energy of a plate subjected to thermal loads is defined as [27] ,
where , ,
U U U and T U are membrane strain energy, bending strain energy, coupled strain energy and thermal strain energy. The strain energy for FGM plate based on the SPT is defined as given below in Eq.16.
The equilibrium and stability equations of FGM plates may be derived by the variational approach. The expansion of V about the equilibrium state by the Taylor series is
The governing equations of equilibrium can be derived by using the first variation . V  The non-linear equilibrium equations associated with the present SPT are 
To establish the stability equations, the condition 2 0 V   used to derive the stability equations of many practical plate buckling problems is also used here. The external load acting on the original configuration is considered to be the critical buckling temperature if the above equation 
where the superscript 1 refers to the state of stability and the superscript 0 refers to the state of equilibrium conditions. The terms N are the pre-buckling force resultants obtained as 
EXACT SOLUTIONS FOR THERMAL BUCKLING OF FGM PLATES
with the type support used in the absent of the body forces and lateral loads except the external temperature load. The following boundary conditions are imposed at the side edges
Following Navier solution procedure, we assume the following solution form for 
where m a
; m and n are mode numbers; 
where { }  denotes the column 
For non-trivial solutions of Eq.24, the determinant L should be zero. This equation ( 0) L  is stated for the determination of the lowest critical load. In the following, the solutions of the equation 0 L  for different types of thermal loading conditions are presented. The plate is assumed simply supported in bending and rigidly fixed in extension. The temperature change is varied only in the thickness direction.
Thermal Buckling for FGM Plates under Uniform Temperature Rise
The initial uniform temperature of the plate is assumed to be i T . The temperature is uniformly raised to a final value f T in which the plate buckles. The temperature change is 
The critical buckling temperature change cr T , is the smallest value of T  which is obtained when m =1 and n = 1. Therefore,
For the classical plate theory, the critical buckling temperature difference cr T is given as (
Thermal Buckling for FGM Plates Subjected to a Graded Temperature Change across the Thickness
For an FG plate, the temperature change is not uniform. The temperature varies according to the power law variation. Usually, the temperature rises much higher at the ceramic side than that in the metal side of the plate. In this case, the temperature through the thickness is given by
where m T is the temperature of the bottom surface which is metal-rich and  is the power law exponent ( 0  
Also, the critical buckling temperature difference cr T for the classical plate theory, is deduced as
Note that the value of  equal to unity represents a linear temperature change across the thickness. While the value of  excluding unity represents a non-linear temperature change through the thickness.
RESULTS AND DISCUSSION
The general approach outlined in the previous sections for the thermal buckling analysis of the homogeneous and FGM plates under uniform, linear and non-linear temperature rises through the thickness is illustrated in this section using the SPT. The correlation between the present theory and different higher-and first-order shear deformation theories and classical plate theory is established. To illustrate the proposed method, a ceramic-metal FG plate is considered. The combination of materials consists of aluminum and alumina. The Young's modulus and the coefficient of thermal expansion for alumina are c 380 GPa, E  
 
Numerical results of the present investigation are given in Tables 1-4 and Figures 1-4 . In Tables 1 and 2 , the side to thickness ratio of the plate is set as / 100 a h  . In these tables the critical buckling temperature difference cr T of the plate under uniform and linear temperature rises is shown for different values of the power law index k using various plate theories. The results obtained as per the present HPT and CPT are compared with the corresponding ones presented by Javaheri and Eslami [32] . Excellent agreement is achieved between the two solutions. It is seen that, for all theories, the critical temperature difference increases monotonically as the aspect ratio / a b increases. Moreover, the critical buckling cr T decreases until it reaches minimum values and then increases as the values of the volume fraction exponent k increases. Tables 3 and 4 exhibit the critical temperature difference t is similar to that in the case of uniform and linear temperature difference across the thickness. As the power law index k increases, the critical buckling cr t decreases to reach lowest values and then increases excluding cr t of the rectangular plates for 10   . Also, it is noticed that cr t increases as the nonlinearity index  increases. In general, the values of the critical temperature difference calculated by using the shear deformation theories are lower than those calculated by using the classical plate theory, indicating the shear deformation effect. The SPT without using any shear correction factor gives results very close to HPT and closer than those obtained using FPT.
The critical buckling temperature difference cr t of the ceramic-metal FG rectangular plate ( 5) k  versus the side-to-thickness ratio / a h calculated by all theories under a uniform, linear and non-linear temperature load are shown in Figure 1 . For plates with small / a h ratio, very large differences between the results of both SPT and HPT and those of both FPT and CPT are observed. Moreover, the differences between the higherorder shear deformation theories (SPT and HPT) and FPT are lower than those between any of them and CPT. However, for a large value of the side-to-thickness ratio the difference between the values predicted by the shear deformation theories and CPT is low significant because the plate is essentially thin. Because of permitting shear deformation in SPT, HPT and FPT, the plate becomes more flexible and thus the critical buckling temperatures calculated by these theories are smaller than those cal- The results in parenthesis are obtained in [32] . The results in parenthesis are obtained in [32] .
culated by CPT.
The critical buckling temperature difference cr t as a function of / a b for various values of the power law index k under a uniform, linear and non-linear temperature loads is depicted in Figure 2 . It is observed that, with increasing the plate aspect ratio / a b , the critical buckling temperature difference also increases gradually, whatever the material gradient index k is. Since the ceramic plate is weaker than the metallic one, thus the critical buckling temperature of the first plate is higher than that of the second. For the FGM plate, cr t decreases as the metallic constituent in the plate increases. Figure 3 investigates the critical buckling temperature difference cr t of homogeneous and FG plates versus the side-to-thickness ratio / a h under various types of temperature loads. Figure 4 gives similar for FG plates versus the aspect ratio / a b . The buckling temperature of the homogeneous plate is considerably higher than that for the FGM one, especially for the comparatively thicker plates. Again, because of the thicker plates are stronger than the thinner ones, thus the critical buckling temperature of the first type is higher than that of the second one. Note that cr t of the plate under uniform temperature rise is smaller than that of the plate under linear temperature rise and the latter is smaller than that of the plate under non-linear temperature rise.
CONCLUSIONS
The thermal buckling analysis for ceramic-metal FG plates under uniform, linear and nonlinear thermal loading through the thickness is investigated in this paper. The constituent materials are graded from the ceramic surface to the metallic surface according to the power law variation. The SPT is used to deduce the equilibrium and stability equations for a simply supported functionally graded rectangular plate under thermal loading. The results obtained using SPT are compared with those obtained using HPT, FPT and CPT; and compared with published ones. The numerical results of critical buckling temperature difference using SPT are very close to those of HPT and the two theories have similar trends for all cases of loading. The critical buckling temperature difference is proportional to the plate aspect ratio. The thicker plates need a temperature to buckle higher than that the thinner plates need it. The critical buckling temperature differences of functionally graded plates are generally lower than the corresponding ones for homogeneous ceramic plates.
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